Discrete time alternating renewal process is a very simple tool that permits solving many real life problems. This paper, after the presentation of this tool, introduces the compound environment in the alternating process giving a systematization to this important tool. The claim costs for a temporary disability insurance contract are presented. The algorithm and an example of application are also provided.
Introduction
It is possible to assert that the roots of renewal processes are in actuarial science. Indeed, the seminal paper Lundberg [1] introduced this theory and was written by an actuary. Other two seminal papers [2, 3] were written by a really important probability researcher that did many applications in insurance.
For a complete introduction to the renewal processes, we refer to the book Cox [4] .
As well known, renewal processes work in this way. We have a phenomenon that will be verified but we do not know when. When the studied phenomenon happens, then the system is renewed and, in homogeneous case, it restarts with the same initial characteristics (for first results in nonhomogeneous renewal processes, see Gismondi et al. [5] ). It is clear that a simple actuarial model can be well simulated by this kind of stochastic process.
Suppose that we have to study a system that can assume two different values that cannot be verified together and that when one of them is not verified then the other is verified and vice versa. In this case, the consideration of only the renewal is not sufficient for the study of the problem. The random evolution of these processes can be studied by means of the alternating renewal processes that are a generalization of the renewal process (see Figure 6 ). These processes were applied in many fields (see, e.g., Zacks [6] , Di Crescenzo et al. [7] , and Elsayed [8] ).
The renewal processes had and have a great relevance in Actuarial Sciences, but there were few applications of the alternating renewal processes.
In health insurance models, there are two kinds of randomness: one is given by the state of the insured (healthy or ill) and the other by the duration inside the states. This phenomenon can be well simulated by the alternating renewal processes. Both the transitions between the two states are possible. An ordinary renewal process cannot model this insurance contract. Ramsay [9] and more recently Adekambi and Mamane [10] proposed the alternating renewal process for the study of health insurance problems. The used tool 2 Mathematical Problems in Engineering fits well in the problem. However, the continuous time environment used in both the papers is really difficult to apply. Indeed, renewal processes in most cases should be solved numerically. For example, Adekambi and Mamane [10] constructed an interesting model in which they derive the first two moments of the aggregate claim amount of benefit paid out up to a given time . The problem is that although the mathematical apparatus is adequate, the application was done in a very simple case with negative exponential probability distribution functions. D' Amico et al. [11] showed how the application of discrete time alternating renewal processes is simple.
For a general reference on the discrete time renewal processes, we recall Feller [12] . This paper will generalize the results presented in D' Amico et al. [11] applying the alternating compound renewal process for the study of insurance contracts in a discrete time environment.
Discrete time alternating compound renewal processes were described in Tijms [13] and in Beichelt [14] . In both of these books, the alternating compound processes were introduced as exercises. In Beichelt, the exercise was only described but not solved and no hints were given for solving it. In the Tijms book, an asymptotic solution was proposed not a solution that could give the time evolution for a given time interval. We think that, in general, the applications should present the time evolution of the studied phenomenon. In particular, in the study of a mechanical system where usually the lifetime of the studied apparatus is shorter than 20, or at most 30 years, the study of the evolution in time of the mechanical system should be by far more important. Furthermore, in the chapter on advanced renewal theory of the Tijms book at page 326, the following is written:
"in many applied probability problems, asymptotic expansions provide a simple alternative to computationally intractable solutions."
We would outline that, in this paper, it is shown that the numerical solution of alternating compound renewal can be obtained in a simple way although the process is a strong generalization of the simple renewal process.
Only the paper Zacks [6] presented an application of alternating compound processes in telegraph problem, but in the particular framework of the Poisson processes not in the general environment of the renewal processes.
In Alvarez [15] , a theoretical paper on the alternating renewal processes, in which how to solve the evolution equation analytically but always in a Poisson environment is shown, was presented. The possibility to apply to an engineering problem this tool was also described. But without it any example of this application was not given.
Another paper, Vlasiou [16] , gives a very short presentation of alternating compound processes asserting that the total rewards earned are equal to the percentage of the time spent in the UP state with respect to the total time . This result holds in very particular cases and not in a general framework where the rewards, for example, are given by sum of money.
Furthermore, to authors' knowledge, and in any database consulted, never was a paper presented where the costs and the revenues for each period of the time horizon were calculated.
In the previous paper (D' Amico et al. [11] ), the authors proposed the application of a discrete time of the simple alternating renewal process in disability insurance, where the rewards were not considered.
The main purpose of this paper is to show how it is possible to apply discrete time alternating compound renewal processes in insurance problems. More specifically, the application will be presented in temporary disability insurance problem generalizing the previous results.
The obtained results are general and can be applied in any other field.
The paper will develop in the following way. In the second section, the discrete time alternating processes in a homogeneous environment will be presented recalling some results obtained in D' Amico et al. [11] . Furthermore, in that paper, the discrete time approach was justified by discussing the strict relation between continuous and discrete time alternating renewal processes. This relation was proved adapting the results obtained in Corradi et al. [17] for homogeneous semiMarkov processes.
In Section 3, the discrete time compound renewal processes will be reported.
In Section 4, the discrete time alternating compound renewal model for the calculation of the mean values (MV), in nondiscounted case, and the mean present values (MPV), in discounted case, is presented. In this way, all the total rewards paid by the insurers for the premiums and by the insurance company for the reported claims in temporary disability insurance will be calculated. In Section 5, examples of the application of the model will be presented. In the last section, some concluding remark will be given.
In this paper, we will follow the notation given in Beichelt [14] .
Discrete Time Homogeneous Alternating Processes
In renewal theory, usually, it is supposed that renewals start as soon as they happen. In real world, it is possible that this condition is not satisfied; that is, renewals can start after a nonnegligible random time. It is possible to take into account this phenomenon, defining a renewal process in which the renewal time after the failure is assumed being an integer nonnegative random variable.
. .} and { 1 , 2 , . . .} be two random variables (one will denote r.vs. in this way in singular or plural case) that are supposed to be two independent sequences of independent nonnegative r.v. In this way, the sequence of two-dimensional random vectors X = {( 1 , 1 ), ( 2 , 2 ), . . . , ( , ), . . .} , ∈ N is defined to be Mathematical Problems in Engineering a discrete time alternating renewal process. denotes the th working period and denotes the th nonworking period.
It is posed that at time 0 + the system is working and this is the reason why precedes .
Remark 2.
It is important to outline that the working state depends on the application. In a reliability of an engineering system, then UP state corresponds to the working of the system. In a temporary disability insurance contract, then for the insurance, the UP state is the absence of disability.
The two integer random variables,
represent the times at which the failures happen and the renewed system starts working, respectively. From (1), it results in
Now, it is possible to define a state system indicator variable, more precisely,
In Figure 1 ( ) and ( ) are the random numbers of failures and renewals that happened in (0, ], respectively. Given that and are sums of independent r.v., it results in
Remark 3. From now on, we will denote the cumulative distribution functions (CDF) * by and its probability distribution by :
(i) ( ) and ( ) represent the renewal functions of the discrete time alternating renewal process; ( ) can be seen as a discrete time delayed renewal process in which the first waiting time d.f. is distributed as and the other waiting time d.f. are distributed as + .
In the same way, ( ) can be seen as an ordinary discrete time renewal process whose waiting time d.f. are distributed as + .
Proposition 4. It results in the fact that
The proofs of (5) are well known (see Beichelt [14] ).
Remark 5. In renewal processes, the time scale can be months, years, or other time intervals depending on the problem that should be studied. In the alternating processes, the time scale length of the and periods and their means ( ) and ( ) are of fundamental relevance. Usually, these mean values do not correspond to the time scale interval or to its multiple.
Remark 6.
As proved in Janssen and Manca [18] , the discretization of the continuous time homogeneous renewal processes by means of the simplest generalized Newton Cotes formula (rectangle formula) gives the discrete time renewal process. In the same time, starting from the ordinary discrete time renewal process with ℎ as discretization step, it is possible with ℎ → 0 to obtain the corresponding continuous time renewal process. These properties allow us to ignore the continuous time environment that can be analytically solved only in particular cases and in a very tortuous way (see Adekambi and Mamane [10] ). In the most cases, it must be solved numerically which means discretizing the model. We think that the best way is working directly in a discrete time environment. In D' Amico et al. [11] , the results given in Janssen and Manca [18] were generalized to the alternating renewal process:
Remark 7. The difference between the renewal function of the ordinary renewal process and that of delayed renewal process is given by the known terms of the two integral equations.
The system that can solve the evolution equation of ( ) is reported in the following relation:
(1) = (1) ,
where V ( ) = ( ) − ( − 1). System (8) in matrix form can be written in the following way:
. . .
Remark 8. The system and related matrix form of the ( ) evolution equation have the same structure; the only difference is given by the known terms that are ( ).
Discrete Time Homogeneous Compound Renewal Processes
Generally speaking, the compound renewal processes are a class of stochastic processes. Indeed, depending on the hypotheses that we need for the model construction, we will get different evolution equations.
. .} be a random marked point process (see Beichelt [14] ), where { 1 , 2 , . . .} is the sequence of renewal times of a renewal process X = { 1 , 2 , . . .}, and let { ( ), ≥ 0} be the corresponding renewal counting process and ( ) = ( ( )). Furthermore, { ( ), ≥ 0} in nondiscounted and discounted case, respectively, defined by
is a compound (reward) renewal process and ( ) is called a compound (reward) random variable. ( ) = ( ( )) represents the mean total rewards that were given and/or received in time . Remark 11. The two sequences M and X are identically distributed as and . This hypothesis depends on the homogeneity environment; if a sequence of r.v. is not i.i.d., it cannot be homogeneous (see Gismondi et al. [5] ). Under these conditions, we suppose that each element of them will be constant in the time.
The next step is the calculation of the means ( ) and ( ). Regarding the first, there are no problems because it is the mean of interarrival times. Instead, the second Mathematical Problems in Engineering 5 mean is strictly connected to the evolution equation of the process. In this paper, we will not present all the different evolution equations but only the most general homogeneous nondiscounted case with constant rewards and the related discounted case with deterministic constant rate of interest.
( ) represents the mean rewards that are given or received during one interarrival time.
In this period, we can have rate reward and impulse reward. The first is an annuity that is paid at each unitary time interval of length and we suppose that ( ) = + 1 , where 0 ≤ 1 < . The second is a reward that will be paid if some random event happens. In this paper, we will suppose that the rate rewards are paid at the beginning of each time interval.
In discounted case, is the related interest rate. The impulse reward can happen in a period in which it can be paid at the beginning or at the end of the period. We will suppose that it is paid at the end. With the symbols and , we denote the values of one rate reward and one impulse reward. In the following, we report the values of ( ) in nondiscounted and discounted cases, respectively:
Remark 12. In nondiscounted case, the time is not relevant; this fact implies that the Wald identities hold. In discounted case, the value ( ) is calculated at the beginning of the period; can be paid at the beginning or at the end of each period; we suppose that it is paid at the end. ( ) is always the same for each period, but it should be discounted at time 0. Its value changes in function of the time in which it is paid. In relation (6),̇and depend on the time of installment payments. Furthermore, in this case, it is not possible to apply the Wald identities but one of its simple generalizations.
Then, ( ) represents the mean number of renewals that happens at times 0, ( ), 2 ( ), . . . , ( ) with the first installments equal to ( ) and the last, paid at time ( ).
In the nondiscounted, if we set ( ) = ( ( )) it results:
In discounted case, ( ) represents an installment of a due annuity.
Proposition 13. The evolution equation in the discounted case is given by
where
Proof. ( ) is discounted at the beginning of each renewal period. It is considered as a constant installment of a due annuity. ( ) ∈ R is the mean number of renewals that happen from time 0 to time . If ⌊ ( )⌋ = ( ), then the second term of the sum in (13) is equal to zero. In the other case,
represents the value of the last installment that is smaller than ( ) and should be discounted for the time period ⌊ ( )⌋ because it is supposed that these mean installments are paid at the beginning of each period.
Remark 14.
In (14), some simple well-known financial equalities are given.
Discrete Time Homogeneous Alternating
Compound Processes
. .} be, respectively, a sequence of n.n.i.i.d., d.t., and r.v. and a sequence of twodimensional random vectors, that is, a homogenous alternating renewal process. Moreover, ( ) and ( ), ≥ 0, are the random numbers of failures and renewals that happened in (0, ], respectively. Then, the stochastic process is given by the couple {( ( ), ( )), ≥ 0}, where in nondiscounted and in discounted cases, respectively, it results in
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It is called an alternating compound (reward) renewal process.
( ) and ( ) are called the alternating compound random variables.
( ) = ( ( ) ) and ( ) = ( ( )) represent the mean total rewards that were given and/or received during failure or renewal cycles in a time , respectively. ( ) represents the mean rewards that are given or received during one interarrival time of . Similarly, ( ) represents the mean rewards that are given or received during one interarrival time of .
As for the renewal compound, we can have rate and impulse reward that we will suppose constant in the time. The corresponding annuities will be paid at each time interval of length and , respectively. We suppose that ( ) = + 1 , where 0 ≤ 1 < , and ( ) = + 2 , where 0 ≤ 2 < and , ∈ N. The impulse rewards and will be paid if some random events will happen.
We present the nondiscounted and discounted evolution equations of the alternating compound process. Furthermore, we denote by and the constant rate rewards of Y and Z, respectively. In discounted case, is the fixed interest rate for a time interval.
Remark 18. We could consider the Y process discounted and the Z processes nondiscounted or vice versa but we would consider only two cases taking into account developing these aspects in a future paper.
In (17) and (18), the nondiscounted cases, and in (19) and (20), the discounted cases, ( ) and ( ) are reported.
They represent the mean of rewards in ( ) and ( ), respectively:
where is calculated as in (6) . Furthermore, it results in the fact thaṫ0 = 0.
Remark 19. Wald's identity holds in the nondiscounted case.
As for the compound renewal in discounted case, the values ( ) and ( ) are discounted at the beginning of each renewal period. It is supposed that and are paid at the end of each period. Furthermore, it is to outline that Y can be considered as a delayed renewal process (see Beichelt [14] ).
Remark 20. In discounted case, ( ) and ( ) represent instalments of due annuities.
In alternating renewal processes, the time , taking into account the mean times ( ) and ( ), can have two different situations that are mutually exclusive; that is,
= ( ) + ( ( ) + ( )) +
Remark 21. We suppose that the rewards corresponding to will be given only in the times and the ones of will be given in .
In nondiscounted case, Wald's identity holds and it results in ( ) = ( ) ⋅ ( ) ;
Figure 2: Time axis representing case (25). Remark 22. Regarding the discounted case, it is to point out that ( ) is discounted at the beginning of the mean period ( ) and, similarly, ( ) at the beginning of the mean period ( ). For this reason, it is necessary to calculate the following equivalent interest rates:
E(Z) E(Z) E(Y) E(Y) E(Y) E(Z) E(Y) E(Z) E(Y) E(Z) E(Z) E(Y)
and the corresponding interest instantaneous intensities
Proposition 23. The evolution equations, in discounted case, are given by the following relations:
Proof. We will explain first relation (25). We have two different cases. In the first, we have ≤ 1, the mean total rewards are paid for a period ( ) ≤ ( ), and ( ) is already discounted at time 0 and paid for time units less than or equal to ( ). In the second case, the mean total rewards can be divided into two parts. In the first part,̈⌊ ( )⌋ ( )+ ( ) ( ) represents the mean present value of the ⌊ ( )⌋ mean instalments that were totally paid within the time .
The second represents the part of the last instalment that was paid. This part is given by
This part should be discounted for ⌊ ( )⌋ periods of length ( ) + ( ), given that the mean instalments are discounted at the beginning of the last partial period of length ( ).
Relation (26) is similar to the second part of (25); the only difference is that in this case it is necessary to discount the values by a supplemental period of length ( ).
The two cases of (25) are shown in Figure 2 . In this picture, ( ) represents the first case corresponding to the unit of time. Furthermore, ( ) ⋅ / ( ) represents the reward paid in the time ( ).
( ) corresponds to the time interval of the second case of (25). It is formed by four time periods of length ( ) + ( ) plus ( ) − ⌊ ( )⌋. Figure 3 shows a time axis of relation (26). From the figure, it is simple to understand why the results must be discounted, further, for a time of length ( ).
Remark 24. Taking into account the alternating model, we suppose that when the system is in ( ), nothing will be paid to the people that are paid in ( ) and vice versa. We also remark that it is also possible to consider these payments.
In Figure 4 is reported a trajectory of an alternating compound renewal process.
The Algorithm Description
The algorithm is long but not tortuous; in this section, we will describe the main step without entering in detail (see Algorithm 1) .
In the last part of Algorithm 1's description is reported the related Mathematica program.
Where Figure 4 : A trajectory of a nondiscounted alternating compound renewal process with impulse reward and rate rewards in and only impulse rewards in . The impulse rewards are variable. , −1 represent the total value of the rewards and , the total value of the rewards.
(1) Inputs: (1.1) the interest rate structure (that could be flat, a term structure and stochastic), 
Figure 6: Mean financial evolution of an alternating compound renewal process. The tall segments divide the periods from the periods, the short the years. It is supposed that the durations of each period and are ( ) and ( ), respectively. Only the last period will have different duration depending on the length of the contract. The closed boxes denote the rate rewards paid for a period less than one time unit. The length , −1 − Floor( , −1 ) represents the last part of the th (see, e.g., the length of the segment that goes from 3 to 1,0 ). The length Ceiling( , ) − , shows the first part of the + 1th (see, e.g., the length of the segment that goes from 2,2 to 12). The one side open boxes represent the rate rewards paid for a period less than one time unit. The lengths Ceiling( , −1 ) − , −1 and , − Floor( , ) give, respectively, the first and the last parts of the th -period. 
The Temporary Disability Insurance
Studied by a D. T. Alternating Compound Renewal Model 6.1. The Insurance Problem. In this section, we apply the discrete time homogeneous alternating compound renewal process to the temporary disability insurance contract. In this case, the insured can be temporarily disabled, that is, cannot work, or be healthy. It is clear that the insurance company will never accept at the beginning of the contract a disabled person. For the insurance company, the healthy state is the "working state" and the illness is the not working state.
The contract has a yearly premium payment. We are interested to find the present value of the cost of claims that the insurance company should pay to the insured person and the present value of premiums that the company will receive. We can model this insurance contract by a discrete time homogeneous alternating compound renewal model.
In Figure 5 , the trajectories that can be obtained in 4 time periods with starting state healthy are reported. The first period is healthy because an insurance company will not accept any insured that at the beginning of the contract is ill. For this reason, the only possible trajectories are 2 3 = 8.
Applicative Examples.
We did not have data that could permit a precise construction of input for our model. However, we decided to construct four examples that will show how our model works. In these applications, we suppose that the insurance will not receive impulse rewards and that the mean benefit of the insured is an impulse reward.
Our starting horizon time was 15 years. Taking into account the convolution of the and random variables, we covered a period of 30 years. In the first two examples, we suppose that the insurance company will get 300C per time unit as mean premium by the insured people received at the beginning of the unit time. The insured will get 3000C as reimbursement per each renewal period by the company supposing that it is paid at the end of the period. The yearly interest rate is 3%. The present value of the rate rewards received as premium by the insurance company was discounted at the beginning of each mean renewal period of length ( ) = 9.83 by the present value of a due unitary installment. It was supposed that the other inputs were the CDF of and that are reported in Table 1 .
In Table 2 , the d.f. of * is shown. In Table 3 , the mean total number of claims reported within each year of the considered time horizon is reported.
Remark 26. In Table 3 ,
(1) > 0 instead of (1) = 0. Indeed, this fact depends on the different known terms of the two mean numbers. It results clear in looking (7) and (8).
I Case.
The data given in the previous three tables are common to all the given cases. In this first case, we suppose that the interest rate is 3%. The mean present value is ( ) = 2597.55C. The mean benefit paid by the insurance company has a mean renewal period of length ( ) = 2.94. The 3000C were discounted at the beginning of the ( ) period and its mean discounted value is ( ) = −2750.61C. Its value is negative because we are working from the viewpoint of the insurance company.
In Table 4 are reported the results of our first example.
Remark 27. It looks strange that the value of at time 5 is smaller than the one in 4 and the value in row 6 is smaller than both but it depends on the actualization; indeed, before it, they are equal to 228.376, 248.296, and 269.244, respectively.
II Case.
In the first case, the mean present value of the insurance company was smaller than the mean present value of the insured. This fact does not happen usually. In this second case, the premium is brought at 350C with a mean present value equal to 3030.48. The claim value was not changed.
In Table 5 are reported the related values.
III Case.
In this case, we suppose that the rate of interest is always 3%, but we suppose also that there is an increasing of the 1.8% of the premiums of the company and an increasing of the 1.5% of the mean claim value. By means of the following relation, it will be possible to calculate the real rate of interest that will be used in the discounting factor:
where is the interest rate and the inflation rate. Having two different inflation rates, we will have two different interest rates.
More precisely, the real interest rate of premiums is 1.179% and of benefits 1.478%. In this case, the mean present value is ( ) = 2802.56C and claim cost −2873.52. The time evolution of the means of premiums and of claim costs is reported in Table 6 .
IV Case.
In the third case, the mean of premiums is lower than the benefit mean. As before, we brought the one time period of the premium at 350C obtaining ( ) = 3269.65C. The evolution of the premiums and of claim costs of this last case is given in Table 7 .
Remark 28. The cases three and four are calculated with two different discount rates. The algorithm described in Section 5 changes slightly and we think that it is not necessary to rewrite more or less the same algorithm.
Conclusion
In this paper, the discrete time alternating compound renewal process, in homogeneous case, was presented. It is to outline that this paper for the first time gives the time evolution of a compound alternating renewal process and despite what was written in literature (see Tijms [13] ) it is shown how simple the application of this process is. Usually the papers that apply the alternating process in continuous time have a very huge theoretical part and if there are applications, they are very simple examples. Furthermore, many applications give the asymptotic results but never the time evolution of the process.
To authors' knowledge, the compound alternating processes were never applied in a general framework. This is another strength of this paper that gives the tool for the application on any other field where there is a phenomenon that evolves in a dichotomist way. The proposal applicative example is on temporary disability insurance. Unfortunately, we did not have real data. But we think that this example can show how it will be possible to apply our model in real life models.
It is also to outline that the alternating compound renewal processes can be applied in many other fields. For example, the application in the reliability of complex mechanical systems is really immediate where the two states are the Up (working) and Down (not working) state. Furthermore, the possibility to put a negative reward for the Down state and a positive reward for the Up state gives the possibility to evaluate costs and revenues by means of a really simple model.
The discrete time approach does not present any applicative difficulty. It is really simple to apply and as proved in D' Amico et al. [11] the strict connection between continuous and discrete time justifies the general application of the discrete time approach.
In future papers, the authors would study the continuous approach of the alternating compound process and the different kinds of evolution equations of these families of 
